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Intermediate Jacobians and the slice filtration
Doosung Park
Abstract
Let X be an n-dimensional connected scheme smooth and projective over C. We decompose
the motive Hom(Ln−2,M(X)) using intermediate Jacobians. We also construct a morphism
M2n−2(X) → M(X) induced by a conjectural Chow-Ku¨nneth decomposition of M(X).
1. Introduction
1.1. Throughout this paper, for brevity, put
DMeff = DMeff (Spec k,Z), DMeffQ = DM
eff (Spec k,Q),
whose definitions are in [2, 11.1.1]. Here, k is an algebraically closed field, and for most part (from
(1.3)) of this paper, we assume that k = C. Let
(i) 1 denote the object M(Spec k) of DMeff or DMeffQ ,
(ii) L denote the object 1(1)[2] of DMeff or DMeffQ ,
(iii) Hom denote the internal hom of DMeff or DMeffQ .
Note that in [2, 11.1.4], we have the change of coefficients functor
DMeff → DMeffQ .
1.2. Let X be an n-dimensional connected scheme smooth and projective over an algebraically
closed field k. The Picard group of X admits the exact sequence
0 −→ Pic0(X) −→ Pic(X) −→ NS(X) −→ 0
of abelian groups. The exact sequence is related to a decomposition
Hom(Ln−1,M(X)) = NSQ(X)⊕ Pic
0
Q(X)⊕ L (1.2.1)
in DMeff (Spec k,Q), where the subscript Q means the corresponding ones with Q-coefficient.
This should come from a conjectural Chow-Ku¨nneth decomposition [6, Definition 6.1.1] M(X) =
M0(X)⊕ · · · ⊕M2n(X) like
Hom(Ln−1,M2n−2(X)) = NSQ(X),
Hom(Ln−1,M2n−1(X)) = Pic
0
Q(X),
Hom(Ln−1,M2n(X)) = L.
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What is the generalization of (1.2.1) for higher codimensions? The answer will give also a decom-
position of each motive in the slice filtration [5]
Ln = Hom(Ln,M(X))⊗ Ln → Hom(Ln−1,M(X))⊗ Ln−1 → · · · → Hom(1,M(X)) =M(X)
of M(X).
When k = C, we use intermediate Jacobians to study the question as follows.
Theorem 1.3. Let X be an n-dimensional connected scheme smooth and projective over C, and
let d ∈ [1, n] be an integer. Then
(1) NSdhom,Q(X)⊕Griff
d
Q(X) is a direct summand of Hom(L
n−d,M(X)) in DMeffQ ,
(2) Jda,Q(X) is a direct summand of Hom(L
n−d,M(X)) in DMeffQ .
See (2.1) and (3.2) for the definitions of NSdhom,Q(X), Griff
d
Q, and J
d
a,Q(X).
1.4. In particular, using this, we obtain the generalization of (1.2.1) for codimension 2 as follows.
Theorem 1.5. Let X be an n-dimensional connected scheme smooth and projective over C with
n ≥ 2. Then for some motive M2(X)
∗ in DMeffQ , there is a decomposition
Hom(Ln−2,M(X)) = NS2hom,Q(X)⊕Griff
2
Q(X)⊕ J
2
a,Q(X)⊕M2(X)
∗ ⊕ (Pic0Q(X)⊗ L)⊕ L
2.
1.6. Let X be an n-dimensional connected scheme smooth and projective over C, and let
i2n−2 :M2(X)
∗ ⊗ Ln−2 →M(X)
denote the morphism induced by the morphism M2(X)
∗ → Hom(Ln−2,M(X)) obtained by the
above decomposition. If M(X) has a Chow-Ku¨unneth decomposition
M(X) =M0(X)⊕M1(X)⊕ · · · ⊕M2n(X),
then the morphism i2n−2 is the candidate for a morphism M2n−2(X) → M(X) induced by a
decomposition. Thus we have the following conjecture.
Conjecture 1.7. Let X be an n-dimensional connected scheme smooth and projective over C.
Then there is a morphism p2n−2 :M(X)→M2(X)
∗ ⊗ Ln−2 in DMeffQ such that
(1) p2n−2i2n−2 = id,
(2) i2n−2p2n−2 :M(X)→M(X) induces the Ku¨nneth projector
H∗(X,Q)→ H2n−2(X,Q)→ H∗(X,Q),
(3) the dual projector (i2n−2p2n−2)
t induces the Ku¨nneth projector
H∗(X,Q)→ H2(X,Q)→ H∗(X,Q).
1.8. A successful construction of p2n−2 with the above properties gives the construction of pro-
jectors of M(X) defining M2(X) and M2n−2(X). In particular, since projectors of M(X) defining
M0(X), M1(X), M2n−1(X), and M2n(X) are already constructed, the conjecture together with
some vanishing conjectures in [3, 5.8] will prove the Ku¨nneth type standard conjecture when the
dimension of X is 3.
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1.9. Organization of the paper. In Section 2, we prove (1.3(1)) by constructing a morphism
Hom(Ln−d,M(X))→ NSdalg,Q(X) and its section. In Section 3, we prove (1.3(2)) by constructing
a morphism Hom(Ln−d,M(X)) → Jda,Q(X) and its section. In Section 4, we prove (1.5) by con-
structing the other pieces and using [9, 7.3.10]. In Section 5, we discuss some conjectures other
than (1.7).
1.10. Conventions and notations. Alongside (1.1), we have the following.
(1) Let T be a complex analytic variety or a scheme over an algebraically closed field k. We
denote by cl(T ) the set of closed points of T .
(2) Sm/C denotes the category of smooth C-schemes.
(3) For any Q-vector space V , consider the constant Nisnevich sheaf with transfer on Sm/C
associated to V . We denote by V (by abuse of notation) its associated object in DMeffQ .
2. Proof of (1.3(1))
Definition 2.1. Let X be a scheme smooth over C, and let d be a nonnegative integer. We put
CHdalg(X) = {Z ∈ CH
d(X) : Z ∼alg 0},
CHdhom(X) = {Z ∈ CH
d(X) : Z ∼hom 0}
NSdalg(X) = CH
d(X)/CHdalg(X),
NSdhom(X) = CH
d(X)/CHdhom(X),
Griffd(X) = CHdhom(X)/CH
d
alg(X)
where ∼alg (resp. ∼hom) denotes the algebraic equivalence relation (resp. homological equivalence
relation for the singular cohomology. We also denote by
CHdalg,Q(X), CH
d
hom,Q(X), NS
d
alg,Q(X), NS
d
hom,Q(X), Griff
d
Q(X)
the corresponding ones defined for Q-coefficient.
Definition 2.2. Let X and Y be schemes smooth over C, and let d be a nonnegative integer. We
put
CHdX(Y ) = CH
d(Y ×X).
When Y is connected, we put
CHdalg,X(Y ) = {Z ∈ CH
d(Y ×X) : i∗yZ ∼alg 0},
CHdhom,X(Y ) = {Z ∈ CH
d(Y ×X) : i∗yZ ∼hom 0},
NSdalg,X(Y ) = CH
d
X(Y )/CH
d
alg,X(Y ),
NSdhom,X(Y ) = CH
d
X(Y )/CH
d
hom,X(Y )
where y is a closed point of Y and iy denotes the closed immersion y × X → Y × X . Note that
the above definitions are independent of y since i∗yZ and i
∗
y′Z are algebraically equivalent for two
closed points y and y′ of Y .
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When Y is not necessarily connected and has the connected components {Yi}i∈I , we put
CHdalg,X(Y ) =
⊕
i∈I
CHdalg,X(Yi),
CHdhom,X(Y ) =
⊕
i∈I
CHdhom,X(Yi),
NSdalg,X(Y ) =
⊕
i∈I
NSdalg,X(Yi),
NSdhom,X(Y ) =
⊕
i∈I
NSdhom,X(Yi).
We consider CHdX , CH
d
alg,X , CH
d
hom,X , NS
d
alg,X , and NS
d
hom,X as presheaves with transfer on
Sm/C.
We also denote by
CHdX,Q, CH
d
alg,X,Q, CH
d
hom,X,Q, NS
d
alg,X,Q, NS
d
hom,X,Q
the corresponding ones defined for Q-coefficient.
Proposition 2.3. Under the notations and hypotheses of (2.2), the homomorphisms
NSdalg,X(Y )→ NS
d
alg,X(SpecC),
NSdhom,X(Y )→ NS
d
hom,X(SpecC)
induced by i∗y are isomorphisms.
Proof. The homomorphisms are surjective since i∗y : CH
d(Y ×X) → CHd(X) is surjective. The
homomorphisms are injective since the kernels of the homomorphisms
CHd(Y ×X)→ NSdalg(X),
CHd(Y ×X)→ NSdhom(X)
are
{Z ∈ CHd(Y ×X) : i∗yZ ∈ CH
d(X)alg},
{Z ∈ CHd(Y ×X) : i∗yZ ∈ CH
d(X)hom}
respectively.
Corollary 2.4. The presheaves NSdalg,X and NS
d
hom,X on Sm/X are constant Nisnevich sheaves
with transfer associated to NSdalg(X) and NS
d
hom(X) respectively.
Proof. Let Y be a connected scheme smooth over C, and let p : Y → SpecC denote the structural
morphism. Then let y ∈ Y be a closed point, and let cy : y → Y denote the closed immersion for
the point y. Consider the homomorphisms
NSdalg,X(SpecC)→ NS
d
alg,X(Y )→ NS
d
alg,X(SpecC)
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induced by p and cy respectively. The composition is an isomorphism since cyp = id, and the second
arrow is an isomorphism by (2.3). Thus the first arrow is an isomorphism. This shows that NSdalg,X
is a constant Zariski sheaf associated with NSdalg,X(SpecC) = NS
d
alg(X). Thus it is a constant
Nisnevich sheaf with transfer.
The proof for NSdhom,X is the same as above.
2.5. Note that (2.4) also holds for Q-coefficient. Thus from now, we can use the notations
NSdalg,Q(X), NS
d
hom,Q(X)
instead of NSdalg,X,Q and NS
d
hom,X,Q respectively following the convention in (1.10).
Definition 2.6. For i ∈ Z, we denote by
hi : DM
eff → Shtr(Sm/C)
the homology functor obtained by the homotopy t-structure defined in [1, Definition 3.1]. Here,
Shtr(Sm/C) denote the category of sheaves with transfer on Sm/C with coefficient Q.
2.7. Let X be an n-dimensional connected scheme smooth and projective over C. As in [4, Section
A.3] we have that
hi(Hom(L
n−d,M(X))) = 0,
h0(Hom(L
n−d,M(X))) ∼= CHdX
in DMeff for i < 0. Then we have the morphisms
Hom(Ln−d,M(X))→ h0(Hom(L
n−d,M(X)))
∼
→ CHdX .
in DMeff . We also have the morphism
CHdX → NS
d
alg,X = NS
d
alg(X)
in DMeff taking the quotient of CHd(Y ×X) for Y ∈ Sm/C. In conclusion, we have the morphism
Hom(Ln−d,M(X))→ NSdalg(X) (2.7.1)
in DMeff . Thus we get the morphism
Hom(Ln−d,M(X))→ NSdalg,Q(X) (2.7.2)
in DMeffQ .
Proposition 2.8. Under the notations and hypotheses of (2.7), the above morphism has a section
in DMeffQ .
Proof. Since NSdalg,Q(X) is aQ-vector space, it has a basis {ai}i∈I for some set I. Then NS
d
alg,Q(X)
is isomorphic to
⊕
i∈I Q. In DM
eff
Q , we have an isomorphism
NSdalg,Q(X)
∼=
⊕
i∈I
1.
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Now we have bijections
HomDMeff
Q
(NSdalg,Q(X),Hom(L
n−d,M(X))) ∼= HomDMeff
Q
(NSdalg,Q(X)⊗ L
n−d,M(X))
∼=I ×HomDMeff
Q
(Ln−d,M(X)) ∼= I × CHdQ(X)
∼= HomSet(I, CH
d
Q(X))
(2.8.1)
where Set denotes the category of sets. Choose {bi ∈ CH
d
Q(X)}i∈I such that the image of bi in
NSdalg,Q(X) is ai. Then via (2.8.1), the function I → CH
d(X) given by
i 7→ bi
corresponds to a section of (2.7.2).
2.9. The quotient homomorphism NSdalg,Q(X)→ NS
d
hom,Q(X) has a section since they areQ-vector
spaces. Thus we have a decomposition
NSdalg,Q(X)
∼= NSdhom,Q(X)⊕Griff
d
Q(X),
and then (2.8) completes the proof of (1.3(1)).
3. Proof of (1.3(2))
Lemma 3.1. Let X and Y be schemes of finite type over an algebraically closed field k. Assume
that X is integral and that each connected component of Y is integral. If X is quasi-projective over
k, then for any function f : cl(Y ) → cl(X), there are at most one morphism Y → X of schemes
inducing f .
Proof. The question is Zariski local on Y , so we reduce to the case when Y is integral and affine.
Then the statement follows from the classical fact that the category of varieties quasi-projective
over k is a full subcategory of the category of schemes over k.
3.2. We review here several facts about intermediate Jacobians and Abel-Jacobi maps. Let X be
an n-dimensional connected scheme smooth and projective over C, and let d ∈ [1, n] be an integer.
(1) For x ∈ cl(X), we have the Albanese map
AlbX,x : X → Alb(X)
mapping x to 0.
(2) We have the intermediate Jacobian Jd(X), which is a complex torus. See [13, Definition
12.2] for the definition.
(3) We have the Abel-Jacobi map
AJdX : CH
d
hom(X)→ cl(J
d(X)).
See [13, p. 294] for the definition.
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(4) We have Jda (X), which is an abelian subvariety of J
d(X). See [12, 2.3.2] for the definition.
We have the commutative diagram
CHdalg(X) cl(J
d
a (X))
CHdhom(X) cl(J
d(X))
AJdX
AJdX
of abelian groups where the vertical arrows are the obvious inclusions, and the upper hori-
zontal arrow is surjective. When d = n, we have that Jn(X) = Jna (X) = Alb(X).
(5) We denote by Alb(X) (resp. Jda (X)) (by abuse of notation) the element in DM
eff associated
to the abelian variety Alb(X) (resp. Jda (X)). See [11] for the definition. We also denote by
AlbQ(X) (resp. J
d
a,Q) the corresponding object in DM
eff
Q .
(6) Let Y be a scheme smooth over C. By [10, §4], there is a homomorphism
AJdX,Y : CH
d
alg,X(Y )→ HomSchC(Y, J
d
a (X))
of abelian groups such that for y ∈ cl(Y ) and Z ∈ CHdalg,X(Y ), AJ
d
X,Y (Z) is the morphism
Y → Jda (X) mapping y to AJ
d
X(i
∗
yZ). Here, SchC denotes the category of C-schemes, and
iy : y ×X → Y ×X denotes the closed immersion. Note that by (3.1), AJ
d
X,Y is uniquely
determined by the above information.
(7) Let Y be an m-dimensional connected scheme smooth and projective over C, and let Z ∈
CHdX(Y ) be an element. Consider the homomorphism ψZ : Alb(Y ) → J
d
a (X) of abelian
varieties induced by the morphism of the Hodge structures
H2m−1(Y,Z)→ H2d−1(X,Z)
induced by Z (see [13, Theorem 12.17] for detail). Then by [10, §3, §4], for y ∈ cl(Y ) and
Z ∈ CHdX(Y ), we have the commutative diagram
Y
Alb(Y ) Jda (X)
AlbY,y
AJdX,Y (Z
′)
ψZ
(3.2.1)
of schemes where Z ′ = Z−C× i∗yZ. Here, iy : y×X → Y ×X denote the closed immersion.
Proposition 3.3. Let X be an n-dimensional connected scheme smooth and projective over C,
and let d ∈ [1, n] be an integer. Then AJdX,− : CH
d
alg,X → J
d
a (X) is a morphism of presheaves with
transfer on Sm/C.
Proof. Let Y and Y ′ be schemes smooth over C, and let V be a finite correspondence from Y ′ to
Y . The statement is that the diagram
CHalg,X(Y ) HomSchC(Y, J
d
a (X))
CHalg,X(Y
′) HomSchC(Y
′, Jda (X))
AJdX,Y
α β
AJd
X,Y ′
(3.3.1)
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of abelian groups commutes where SchC denotes the category of C-schemes, and α and β denote
the homomorphisms induced by V . To show this, we may assume that Y and Y ′ are connected and
V is an elementary correspondence.
Here, we will review the definition of β given in [11, 3.1.2]. Let f : Y ′ → Jda (X) be a morphism
of schemes. If V has degree r, then we have the morphism Y ′ → Y (r) induced by V , and we have
the morphisms
Y ′ → Y (r)
f(r)
→ (Jda (X))
(r) sum→ Jda (X)
of schemes. Here, Y (r), J
(r)
a (X), and f (r) denote the symmetric powers. The composition is β(f).
Let Z ∈ CHalg,X(Y )
d be an element, and let y′ ∈ cl(Y ′) be a closed point. Then via V , y′
corresponds to a1y1 + · · · + asys for some a1 . . . , as ∈ N
+ and y1, . . . , ys ∈ cl(Y ). By definition,
AJdX,Y (Z) maps y ∈ cl(Y ) to AJ
d
X(i
∗
yZ) where iy : y ×X → Y ×X denotes the closed immersion.
Using the above description of β, we see that β(AJdX,Y (Z)) maps y
′ to
a1AJ
d
X(i
∗
y1
Z) + · · ·+ asAJ
d
X(i
∗
ys
Z).
Since i∗y′(α(Z)) = a1i
∗
y1
Z + · · ·+ asi
∗
ys
Z, we see that AJdX,Y ′(α(Z)) maps y
′ to
AJdX(a1i
∗
y1
Z + · · ·+ asi
∗
ys
Z) = a1AJ
d
X(i
∗
y1
Z) + · · ·+ asAJ
d
X(i
∗
ys
Z).
Thus β(AJX,Y (Z)) and AJX′,Y ′(α(Z)) maps y
′ to the same closed point of Jda (X). Then by (3.1),
(3.3.1) commutes.
3.4. By (3.3), we can consider
AJdX,− : CH
d
alg,X → J
d
a (X)
as a morphism in DMeff . In (2.7.1), we have the morphism
Hom(Ln−d,M(X))→ NSalg(X)
d
in DMeff . Let K denote its cocone. By (2.7), we have that h0(K) ∼= CH
d
alg,X and hi(K) = 0 for
i < 0. Thus we have the morphisms
K → h0(K) ∼= CH
d
alg,X
AJdX,Y
−→ Jda (X)
in DMeff . Consider the induced morphism
γ : KQ → J
d
a,Q(X)
in DMeffQ where KQ denotes the image of K in DM
eff
Q . Our next goal is to construct its section in
DMeffQ .
In [12, 2.3.3], it is shown that there is a curve C smooth and projective over C (not necessarily
connected) and an element Z ∈ CHd(C×X) such that the induced homomorphism ψZ : Alb(C)→
Jda (X) of abelian varieties is surjective. From (3.2.1), we have the commutative diagram
M(C) KQ
AlbQ(C) J
d
a,Q(X)
γ
ψZ,Q
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in DMeffQ where the left vertical arrow is induced by the Albanese map and the upper horizontal
arrow is induced by Z ′ = Z − C × i∗yZ. Here, iy : y ×X → Y ×X denotes the closed immersion.
The category whose objects are abelian varieties and the set of morphism from A to B are
Hom(A,B) ⊗ Q is semi-simple, so ψZ,Q has a section since ψZ is surjective. Since AlbQ(C) is a
direct summand of M(C) in DMeffQ , the composition M(C)→ J
d
a,Q(X) has a section. Thus γ has
a section. This completes the proof of (1.3(2)) since KQ is a direct summand of Hom(L,M(X)) by
(1.3(1)).
4. Proof of (1.5)
Lemma 4.1. Let M be an object of DMeffQ , and let α, β :M →M be projectors. We put
F = imα, G = imβ.
Assume that HomDMeff
Q
(G,F ) = 0. Then F ⊕G is a direct summand of M .
Proof. The assumption implies that αβ = 0. Using this, we have that
α(β − βα) = αβ − αβα = 0,
(β − βα)α = βα − βα2 = 0,
(β − βα)2 = β2 − β2α− βαβ + βαβα = β − βα.
Thus β − βα is a projector orthogonal to α. Since
β(β − βα)β = β3 − βαβ = β,
(β − βα)β(β − βα) = β3 − βαβ2 − β3α+ βαβ2α = β − βα,
we have that imβ ∼= im(β − βα). Thus α + β − βα is a projector whose image is isomorphic to
F ⊕G.
4.2. Let X be an n-dimensional connected scheme smooth and projective over C with n ≥ 2, and
let x be a closed point of X . Note that 1 and AlbQ(X) are direct summands of M(X). Then
Ln ∼= Hom(1,Ln), Ln−1 ⊗ Pic0Q(X)
∼= Hom(AlbQ(X),L
n)
are direct summands of Hom(M(X),Ln), which is isomorphic to M(X) by [7, 16.24]. Thus using
[7, 16.25], we see that L2 and L ⊗ Pic0Q(X) are direct summands of Hom(L
n−2,M(X)). We also
have that
NS2hom,Q(X)⊕Griff
2
Q(X)
∼= NS2alg,Q(X)
in DMeffQ by (2.9). Thus to prove (1.4), by (4.1), it suffices to show that
HomDMeff
Q
(L2,Pic0Q(X)⊗ L) = 0, HomDMeff
Q
(L2, J2a,Q(X)) = 0,
HomDMeff
Q
(L2,NS2alg,Q(X)) = 0, HomDMeff
Q
(Pic0Q(X)⊗ L, J
2
a,Q(X)) = 0,
HomDMeff
Q
(Pic0(X)⊗ L,NS2alg,Q(X)) = 0, HomDMeff
Q
(J2a,Q(X),NS
2
alg(X)) = 0.
These follow from [9, 7.3.10] because of the following reasons.
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(i) The motive L2 is isomorphic to M4(S0) for some S0.
(ii) The motive Pic0Q(X)⊗ L is isomorphic to M3(S1) for some S1.
(iii) The motive J2a,Q(X) is isomorphic to M1(S2) for some S2.
(iv) The motive NS2alg,Q(X) is isomorphic to M0(S3) for some S3.
Here, S0, S1, S2, and S3 are (not necessarily connected) surfaces smooth and projective over C.
This completes the proof of (1.4).
5. Conjectures
Definition 5.1. Let X be an n-dimensional connected scheme smooth and projective over C, and
let d ∈ [1, n] be an integer. Consider the homomorphism
AJdX,Q : CH
d
hom,Q(X)→ cl(J
d
a (X))⊗Z Q
of Q-vector spaces induced by AJdX . We put
CHdJac,Q(X) = kerAJ
d
X,Q.
5.2. Here, we give two conjectures other than (1.7).
Conjecture 5.3. Let X an n-dimensional connected scheme smooth and projective over C with
n ≥ 2. Then
CH2Jac,Q(X) ⊂ CH
2
alg,Q(X).
5.4. Let us conjecturally prove (5.3). The statement is that any element in the kernel of
AJ2X,Q : CH
2
hom,Q(X)→ cl(J
2
a (X))⊗Z Q
is algebraically equivalent to 0. Assume that M(X) has a Chow-Ku¨nneth decomposition M0(X)⊕
· · · ⊕M2n(X) in DM
eff
Q . The conjectural Bloch-Beilinson filtration on CH
2(X) expects that
kerAJ2X,Q
∼= HomDMeff
Q
(Ln−2,M2n−2(X)), 0 = HomDMeff
Q
(Ln−2,Mr(X)) (5.4.1)
for r < 2n− 4 and r > 2n− 1.
If some nonzero element in the kernel of AJ2X,Q is not algebraically equivalent to 0, then it gives
a direct summand 1 of NS2alg,Q(X), which is also a direct summand of Hom(L
n−2,M(X)) in DMeffQ
by (1.3(1)). The induced morphism
1→ Hom(Ln−2,M0(X)⊕M1(X)⊕ · · · ⊕M2n−3(X)⊕M2n−1(X)⊕M2n(X))
in DMeffQ is 0 by (5.4.1) and the assumption that the element is in the kernel of AJ
2
X,Q. Thus we see
that 1 is a direct summand of Hom(Ln−2,M2n−2(X)). Conjecturally, we have that M2n−2(X) ∼=
Ln−2⊗M2(X) in DM
eff
Q . Then by the cancellation law [7, 16.25], we see that 1 is a direct summand
of
Hom(Ln−2,M2n−2(X)) ∼= Hom(L
n−2,Ln−2 ⊗M2(X)) ∼= Hom(1,M2(X)) ∼=M2(X).
In particular, we have a nonzero morphismM2(X)→ 1 in DM
eff . This contradicts to the conjecture
[3, 5.8].
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Conjecture 5.5. Let X be an n-dimensional connected scheme smooth and projective overC, and
let
M(X) =M0(X)⊕ · · · ⊕M2n(X)
be a conjectural Chow-Ku¨nneth decomposition. Then
Hom(Ln−d,M2n−2d(X)) = NS
d
hom,Q(X),
Hom(Ln−d,M2n−2d+1(X)) = CH
d
hom,Q(X)/(CH
d
Jac,Q(X) + CH
d
alg,Q(X)))⊕ J
d
a,Q(X)
for any integer d ∈ [1, d].
5.6. The meaning of the second equation is that the motive Hom(Ln−d,M2n−2d+1(X)) is the direct
sum of Jda,Q(X) and the image of the homomorphism
CHdhom,Q(X)/CH
d
alg,Q(X)→ cl(J
d(X))/cl(Jda (X))
of abelian groups. In particular, this implies that to study the motive, we do not need the whole
complex torus Jd(X).
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